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Conservative and PT -symmetric compactons in waveguide networks.
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Stable discrete compactons in arrays of inter-connected three-line waveguide arrays are found in linear and
nonlinear limits in conservative and in parity-time (PT ) symmetric models. The compactons result from the
interference of the fields in the two lines of waveguides ensuring that the third (middle) line caries no energy.
PT -symmetric compactons require not only the presence of gain and losses in the two lines of the waveguides
but also complex coupling, i.e. gain and losses in the coupling between the lines carrying the energy and the
third line with zero field. The obtained compactons can be stable and their branches can cross the branches of
the dissipative solitons. Unusual bifurcations of branches of solitons from linear compactons are described.
OCIS codes: 230.7370,080.6755,190.3270
Optical waveguide arrays are the systems allowing for
efficient control of light propagation [1]. Such devices
can work in both linear and nonlinear regimes, the lat-
ter one being of particular relevance for situations where
the energy flux has to be concentrated in a finite spatial
domain. The role of the nonlinearity consists in counter-
balancing diffraction which is an intrinsic property of
generic discrete systems. In the same time the nonlin-
earity results in the interaction between the modes thus
limiting possibilities of their practical usage.
Thinking about the energy localization in an array, one
naturally should explore the possibilities of the existence
of the compacton solutions, as excitations whose field is
concentrated in a given finite domain and is exactly zero
outside this domain. Compactons were first predicted for
continuous systems [2,3] and later found [4] and explored
(see e.g. [5–9]) in nonlinear lattices. The genuine bright
compactons reported so far had essentially nonlinear na-
ture. Due to the mentioned diffractive properties of lat-
tices observation of compactons in the linear regime is
usually considered to be impossible. In the present Letter
we show that this is not necessarily so, and it is possible
to construct simple networks where compactons can exist
in pure linear regime, i.e. they appear as eigenmodes of
the system, and thus can propagate along the structure
without distortion. Moreover, the array can be designed
in such a way that the compacton modes are not affected
by the nonlinearity, extending the results to arrays of
Kerr-nonlinear waveguides. Furthermore, we show that
the system can be enriched by considering active and
lossy waveguides, still preserving compacton solutions.
In this last case the consideration will be limited here
to the particular case where the gain and losses are bal-
anced, ensuring parity-time (PT ) symmetry [10,11], giv-
ing origin to PT -compactons.
We consider an array of coupled optical waveguides
whose geometry is symmetric with respect to the central-
line [Fig. 1]. We believe that these geometrically com-
plicated structures can be manufactured either by writ-
ing the waveguides in silicon matrix using femtosecond
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Fig. 1. Schematic representation of the array with the
notations used in the text. Black dots and line designate
the waveguides and links among them.
lasers [12] or by other technologies, see [13] and [14].
The equations governing the beam propagation for the
dimensionless electric fields in the upper– (un), lower–
(vn), and middle– (wn) line waveguides read
iu˙n = κvn − iγun + κ1(wn−1 + wn) + g|un|
2un (1a)
iv˙n = κun + iγvn + κ
∗
1(wn−1 + wn) + g|vn|
2vn (1b)
iw˙n = κ1(un + un+1) + κ
∗
1(vn + vn+1) + g˜|wn|
2wn (1c)
Here an overdot stands for the derivative with respect
to evolution coordinate z, asterisk means complex con-
jugation, κ (it is considered positive) and κ1 = κ˜e
iφ/2
with real κ˜ and φ, are the coupling constants (that can
be complex, see [15]) between the respective pairs of ar-
rays; g and g˜ are the Kerr nonlinearities of the u and
v waveguides and of the w waveguides, respectively. In
a general situation u and v waveguides will be consid-
ered absorbing and active with balanced gain and loss
characterized by the coefficient γ, i.e. having parity-time
(PT ) symmetric structure. Notice that at κ1 = 0 the
system is reduced to a sequence of decoupled nonlinear
PT -symmetric dimers which have been well studied in
the linear [11, 16, 17] and nonlinear [18, 19] settings.
We start with the dispersion relation of the
linear waves, i.e. use the anstaz (un, vn, wn) =
(u, v, w)ei(bz−kn) in (1) at g = g˜ = 0. This yields the
equation which is convenient to write down in the form
b3 − (κ2 − γ2)b− 8κ˜2[b cosφ+ γ sinφ+ κ] cos2
k
2
= 0 (2)
A peculiarity of this dispersion relation is that it allows
for k independent solutions for the propagation constant
1
b = b0 (i.e. having db0/dk = 0), i.e. for the diffractionless
modes. Theses are modes for which b3 − (κ2 − γ2)b = 0
and b cosφ+ γ sinφ+ κ = 0 are satisfied simultaneously
what occurs in the following two cases:
b0 = 0 if γ = −κ/ sinφ (3)
b0 = −κ cosφ if γ = −κ sinφ (4)
In the first case (b0 = 0) the filed in the central waveguide
can be arbitrary and it defines the fields in lossy and
active waveguides:
u =
κ˜ sinφ
κ cos2 φ
(
1 + eik
) (
ieiφ/2 + e−iφ/2 sinφ
)
w (5a)
v =
κ˜ sinφ
κ cos2 φ
(
1 + eik
) (
ie−iφ/2 + eiφ/2 sinφ
)
w (5b)
In the case (4) we obtain a dipole mode in which the
fields in the u− and v− waveguides are given by
udip = αvdip, α =
κ2 − κ˜2(1 + i cosk)
κ˜2(1 + i cosk)− κ2 cosφ
eiφ (6)
while w− waveguides carry no energy (w = 0) due to
the destructive interference of the u– and v– fields. From
the last formula we observe that the dipole mode has a
simple conservative limit γ = κ = φ = 0, for which which
α = −1, i.e. udip = −vdip [such a limit obviously does
not exist for the mode (5)]. Since k does not enter in
the solution (6) we conclude that even in the linear case
there exists a compacton solution in which only one (or
a finite number) of waveguides carry the field.
Let us now study the conservative compactons in more
details letting κ1 to be real and γ = 0 (i.e. letting φ = 0).
Then (2) can be solved explicitly:
b0 = −κ, b± =
κ
2
±
1
2
√
κ2 + 16κ21(1 + cos k) (7)
These branches of the spectrum are illustrated in Fig. 2.
According to (6) in the linear limit (g, g˜ = 0) for the
dipole mode wn = 0 and Eqs. (1a), (1b) are decou-
pled, the solution can be written down in the form
(un, vn, wn) = cn(1,−1, 0), where cn (n is integer) is
an arbitrary set of numbers. One can further particu-
larize the choice letting c0 6= 0 and cn = 0 for all n 6= 0.
This gives an exact compacton solution in which the light
propagates along the ”effective dimer” of the (u0, v0)
waveguides. Clearly, in the infinite network there can
exist an infinite number of compactons each one hav-
ing an independent amplitude but the same propagation
constant given by (4).
The symmetric modes corresponding to the branches
b± are given by:
u± = v± = α±w, α± =
√
κ2 + 16κ21(1 + cos k)± κ
4κ˜ (1 + e−ik)
(8)
where w is chosen arbitrarily.
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Fig. 2. (a) The dispersion characteristics for κ1 = 0.4,
κ = 1.2. The horizontal dashed line indicates b0, while
the solid green lines show the dispersion curves b±. Thick
short magenta line marks the position of the dimer fre-
quency. The black dots show the frequencies of the linear
excitations in the presence of an excited dipole mode. (b)
The dynamics of the unstable modes for κ = 0.6 (upper
panel) and κ1 = 1.0 (lower panel). (c) The same as panel
(a) but for κ1 = 0.4, κ = 0.4. (d) The dynamics of the
unstable mode for κ1 = 0.6.
A remarkable fact is that the conservative com-
pactons persist in the nonlinear case. Indeed one en-
sures that the dipole-mode compacton (u
(c)
n , v
(c)
n , w
(c)
n ) =
(1,−1, 0)δn0ρe
ibz where b = −κ−gρ2 and δn,0 is the Kro-
necker delta, is a solution of (1) at γ = φ = 0.
To address the stability of this nonlinear compacton
we use the ansatz un = u
(c)
n + u˜(z), and vn = v
(c)
n +
v˜n(z) and linearize the system (1) with respect to small
u˜n, v˜n. It turns out, however, that the analysis is more
conveniently performed in the variables ξn = u˜n + v˜n
and ηn = u˜n − v˜n satisfying
iη˙0 = gρ
2(η0 + η
∗
0), (9)
iξ˙n = 2κξn + δn0gρ
2(ξn + ξ
∗
n) + 2κ1(wn−1 + wn), (10)
iw˙n = κ1(ξn + ξn+1) (11)
(notice that ηn = 0 for n 6= 0). The equation for η0
is decoupled giving gets the zero eigenvalue (it can be
associated with the phase symmetry of the system).
Thus, the instability of the system is determined by
Eqs. (10), (11). In the limiting case κ1 = 0 the cou-
pling also disappears from these equations and using the
anstaz ξ0 = ξ˜0e
i∆z + ξ¯0e
−i∆z one obtains from (10):
∆2 = 8κ(2κ + gρ2). Thus in the absence of the cou-
pling the dipole mode is stable for g > 0 (recall that
κ > 0). If g < 0 then the mode is stable under the con-
dition |g|ρ2 < κ meaning that the absolute value of the
propagation constant is less than bcr = 4κ.
For κ1 6= 0 we solve numerically the eigenvalue prob-
lem (10), (11). We start the discussion with the case
g = −1 when the dipole mode is stable at κ1 = 0.
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Fig. 2(a) shows the dispersion characteristics with over-
lapped spectrum of the linear excitations in the presence
of the dipole mode for relatively small κ1. At some value
of κ1 two real eigenvalues (marked by yellow circles in
(a)) collide and produce an instability. The critical value
of κ1 can be calculated analytically because two eigen-
values belonging to the discrete spectrum are involved.
If we increase the coupling κ1 even further then at some
point the central gap closes and a pair of eigenvalues gen-
erating the instability transforms into a quartet. Fig. 2
(b) shows the development of instability for κ1 = 0.6 and
κ1 = 1.0. Remarkably, the compacton is not destroyed
completely but evolves towards an oscillating state.
We conclude the analysis of conservative compactons
by considering the case g > 0. Now the dipole mode is
unconditionally stable for zero coupling κ1 = 0. However
at some κ1 the discrete eigenvalues hit the continuum
generating a quartet of eigenvalues and destabilizing the
compacton. This case is illustrated in panels (c) and (d).
Now we turn to the analysis of the PT -symmetric case.
First of all we notice that in the case of pure real cou-
pling κ1 (φ = 0) the dispersion relation (2) still may have
three real roots for any k. This corresponds to the unbro-
ken PT -symmetric phase, which exists in the following
parameter range:
2κ21 < κ
2, γ2 < κ2 + 4κ21 − 3
(
2κκ21
)2/3
. (12)
However for γ 6= 0 the respective dispersion character-
istics can never have a nondiffractive branch with the
curvature equal to zero for all κ. In other words no com-
pactons are possible for nonzero losses. Instead one can
observe bifurcation of the solitons from the linear modes.
Interestingly, these dissipative soliton branches bifur-
cate from the compactons when nonzero PT -symmetric
terms appear. The bifurcation diagram for the soliton
branches for fixed propagation constants bs are is shown
in Fig. 3 (a). The point where solitons bifurcate from the
compacton (antisymmetric dipole mode) is shown by the
black square on the vertical axis. With the increase of
γ the localized solution becomes wider, see [panel (b)]
where the distributions of un and wn are shown for the
point (B) on the bifurcation curve in Fig. 3 (a).
At a certain point the soliton looses stability, then the
bifurcation curve has a fold and turns back. Finally the
bifurcation curve reaches the vertical axis which corre-
sponds to coming back to the conservative case. However
the second conservative state corresponds to a symmet-
ric state and so it is not a compacton but a soliton (as
it is discussed above the compact solution is possible for
the antisymmetric dipole modes only).
The difference between the upper and the lower
branches of the bifurcation curve is illustrated in panel
(c) showing the relative phase between the fields un and
vn at the points (C1) and (C2). One can see that for
(C1) the phase θ is relatively close to zero implying that
the pairs (un, vn) are in a quasi-symmetric state. On con-
trary, for (C2) the phase is closer to pi which means that
un and vn are in a quasi-antisymmetric state. For γ = 0
we have either pure symmetric or antisymmetric state.
If the intensity of dissipative solitons belonging to a
given branch goes beyond some threshold value, as γ
grows, then the continues transformation from antisym-
metric conservative compacton into symmetric soliton
becomes impossible. The corresponding bifurcation dia-
gram is shown in Fig. 3 (d) and the absolute values of the
fields are illustrated in panels (e) and (f). One can see
that the soliton is getting wider and the numerical simu-
lations signal that at the end of the bifurcation diagram
the soliton becomes infinitely wide. This singularity is
responsible for the break of the bifurcation diagram.
Remarkably if the coupling between the sites is not
pure conservative then compact solutions are possible in
the PT -symmetric case as well. To have the compact
solution one has to ensure that there can propagate a
non-diffractive beam, i.e. that b is independent on k.
Recalling that in the case (4) the diffractionless mode
has w = 0 we obtain that the excited PT -symmetric
dipole mode has the same structure as the linear PT -
compacton: the nonlinearity changes the frequency but
leaves untouched the relation between the fields u and v.
Let us now study the bifurcation of these compactons
for g = 1. To have a compact solution we have to fol-
low along the line γ = −k sinφ in the parameter plane
as shown in Fig. 4 (a). Departing from the conserva-
tive case we follow the line tracing the maximum am-
plitude of u−field (thicker blue line). The projection of
the bifurcation curve on (|u0|, γ) plane is shown in Fig. 4
(b). The solution remains compact with only one ”cell”
(u0, v0) excited. Since the compact solution do not in-
teract to each other one can use the dipole modes as
building blocks for designing infinitely many compact,
periodic or non-periodic, solutions.
Going along the bifurcation curve we arrive to the bi-
furcation point where the compact and soliton solutions
collide, this point is indicated by the red circle in panel
(a). The bifurcation curve of the soliton along the curve
of the existence of the compactons is shown by the green
line. The same curve in (|u0|, γ) plane is shown in panel
(b). It is worth noticing that the compacton and the soli-
ton solutions can coexist. The same happens for the case
of negative nonlinearity g = −1, see panels (c) and (d).
To conclude we briefly summarize the main results re-
ported in the paper. It is demonstrated that compactons
in arrays of connected waveguides can exist in linear
and nonlinear limits, in conservative and PT -symmetric
models. The compacton solutions result from the inter-
ference of the fields in two lines of the waveguides en-
suring zero energy carried in the third-line (the dipole
modes). PT -symmetric compactons require not only the
presence of gain and losses in waveguide lines but also
complex coupling coefficients, i.e. gain and losses in the
coupling between the lines carrying the energy and the
the third line of waveguides.The obtained PT -symmetric
compactons can be stable and their branches can cross
the branches of the dissipative solitons. Being stable
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Fig. 3. The dependencies of the maximum absolute value
of the field un on the dissipation γ for the solitons bi-
furcating from the compacton at γ = 0 are shown in
panels (a) and (d) for structures with the propagation
constants bs = 0.44 and bs = 2.44 correspondingly. The
bifurcation points are marked by the squares. Panel (b)
shows the distribution of the fields un (red circles) and
wn (black circles) for the point marked on the bifurcation
curve on panel (a) as (B). Panel (c) shows the distribu-
tion of the mutual phase of the fields un and vn defined
as θ = arg(vnu
∗
n). The distributions marked as 1 and 2
correspond to the points C1 and C2 in panel (a). Panels
(e) and (f) show the distributions of the fields un and
wn in the solitons corresponding to the points (E) and
(F) on the bifurcation curve shown in panel (d). The
parameters are g = 1, κ = 1, κ1 = 0.25.
and strongly localized objects the reported discrete com-
pactons can be of particular interest for such applica-
tions as optical memory, optical switch, phase synchro-
nization, and others. Finally we remark that the con-
sidered discrete compactons can also be generalized for
two dimensional and for nonlinear dissipative (not PT-
symmetric) cases that will be reported elsewhere.
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